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Abstract
Let T ∈ B(H) be a bounded linear operator on a complex Hilbert space H. Let λ0 be an
isolated point of σ(T ) and let
E = 1
2i
∫
|λ−λ0|=r
(λ− T )−1 dλ
be the Riesz idempotent for λ0. In this paper, we prove that if T is a p-quasihyponormal op-
erator with 0 < p  1 and λ0 /= 0, then E is self-adjoint and EH = ker(T − λ0) = ker(T −
λ0)∗. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let H be a complex Hilbert space and B(H) be the set of all bounded linear
operators on H.
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Definition 1. T ∈ B(H) is said to be p-hyponormal for 0 < p if (T ∗T )p − (TT∗)p
 0, and T is said to be log-hyponormal if T is invertible and log(T ∗T )− log(TT∗) 
0. T ∈ B(H) is said to be p-quasihyponormal for 0 < p  1 if T ∗((T ∗T )p
− (TT∗)p)T  0.
1-Hyponormal operator is called a hyponormal operator and 1-quasihyponormal
operator is called a quasihyponormal operator. Hyponormal operators have been
studied by many authors and it is known that hyponormal operators have many
interesting properties similar to those of normal operators (see [11]). p-Hyponormal
operator for 0 < p < 12 was defined by Aluthge [1,2]. (See [1–4,12] for properties
of p-hyponormal operators.) It is known that p-hyponormal operators are q-hyponor-
mal for 0 < q  p, and invertible p-hyponormal operators are log-hyponormal. But
p-quasihyponormal operators need not be q-quasihyponormal for 0 < q  p. (See
[5,8–10].)
In the present paper we investigate properties of the Riesz idempotent of p-quasi-
hyponormal operators for an isolated point of spectrum. Let T ∈ B(H) and let λ0
be an isolated point of σ(T ). Then there exists a positive number r > 0 such that{
λ ∈ C : |λ− λ0|  r
} ∩ σ(T ) = {λ0}.
Let
E = 1
2i
∫
|λ−λ0|=r
(λ− T )−1 dλ.
E is called the Riesz idempotent for λ0, and E satisfies E2=E,ET=TE, σ (T |EH)
= {λ0} and ker(T − λ0) ⊂ EH. It is known that if T is hyponormal, then E is
self-adjoint and EH = ker(T − λ0) = ker(T − λ0)∗ (see [7]). Recently, Cho¯ and
Tanahashi [6] proved that p-hyponormal operators and log-hyponormal operators
have the same property. In the present paper, we prove that p-quasihyponormal
operators have the same property if λ0 /= 0. Also, we show an example of quasi-
hyponormal operator which does not have this property if λ0 = 0.
2. Results
Lemma 2 [6]. Let T ∈ B(H) be p-hyponormal or log-hyponormal. Let λ0 be an
isolated point of σ(T ) and let E be the Riesz idempotent for λ0. Then E is self-adjoint
and
EH = ker(T − λ0) = ker(T − λ0)∗.
Lemma 3 [10]. Let T ∈ B(H) be a p-quasihyponormal operator for 0 < p  1. Let
T =
(
A S
0 0
)
on H = [TH] ⊕ ker T ∗, where [TH] denotes the closure of the range TH. Then
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|A∗|2p  (|A∗|2 + |S∗|2)p  |A|2p
and σ(A) ⊂ σ(T ) ⊂ σ(A) ∪ {0}. Hence the restriction A = T |[TH] of T on [TH]
is p-hyponormal.
Lemma 4. Let T ∈ B(H) be a p-quasihyponormal operator for 0 < p  1. Let
λ /= 0 and (T − λ)x = 0 for some x ∈H. Then (T − λ)∗x = 0.
Proof. Let
x =
(
x1
x2
)
, T =
(
A S
0 0
)
on H = [TH] ⊕ ker T ∗. Then
(T − λ)x =
(
(A− λ)x1 + Sx2
−λx2
)
=
(
0
0
)
.
Hence x2 = 0 and (A− λ)x1 = 0. Since A ∈ B([TH]) is p-hyponormal by Lemma
3, we have (A− λ)∗x1 = 0 by [3, Theorem 4]. Hence |A|x1 = |λ|x1 = |A∗|x1. Then
0 
〈{|A|2p − (|A∗|2 + |S∗|2)p}x1, x1〉  〈(|A|2p − |A∗|2p)x1, x1〉 = 0.
Hence(|A∗|2 + |S∗|2)px1 = |A|2px1 = |λ|2px1
and (|A∗|2 + |S∗|2)x1 = |λ|2x1 = |A∗|2x1.
Hence |S∗|2x1 = 0 and S∗x1 = 0. Thus
(T − λ)∗x =
(
(A− λ)∗ 0
S∗ −λ
)(
x1
0
)
=
(
(A− λ)∗x1
S∗x1
)
= 0. 
Theorem 5. Let T ∈ B(H) be p-quasihyponormal for 0 < p  1. Let λ0 be an
isolated point of σ(T ) with λ0 = 0 and let E be the Riesz idempotent for λ0. Then E
is self-adjoint and
EH = ker(T − λ0) = ker(T − λ0)∗.
Proof. If the range TH is dense, then T is p-hyponormal. Hence we may assume
that the range TH is not dense. Let
T =
(
A S
0 0
)
on H = [TH] ⊕ ker T ∗,
where [TH] denotes the closure of the range TH. Then λ0 is an isolated point of
σ(A) by Lemma 3. Let r be a positive number such that{
λ
∣∣ |λ− λ0|  r} ∩ {σ(A) ∪ {0}} = {λ0}.
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Then
E = 1
2i
∫
|λ−λ0|=r
(
λ− A −S
0 λ
)−1
dλ
= 1
2i
∫
|λ−λ0|=r
(
(λ− A)−1 λ−1(λ− A)−1S
0 λ−1
)
dλ.
Let
EA = 12i
∫
|λ−λ0|=r
(λ− A)−1 dλ
be the Riesz idempotent of A for λ0. ThenEA is self-adjoint andEA[TH]=ker(λ0 −
A) = ker(λ0 − A)∗ by Lemma 2. We prove EAS = 0. Let x ∈ [TH] and y = EAx.
Since A is p-hyponormal by Lemma 3, we have y ∈ EA[TH] = ker(λ0 − A) =
ker(λ0 − A)∗ by Lemma 2. Hence S∗y = S∗EAx = 0 by the similar argument in
Lemma 4. This implies S∗EA = 0 and EAS = 0. Let
(λ− A)−1 =
∞∑
n=0
(λ− λ0)nAn +
∞∑
n=1
(λ− λ0)−nBn,
where
An = 12i
∫
|λ−λ0|=r
(λ− λ0)−n−1(λ− A)−1 dλ,
Bn = 12i
∫
|λ−λ0|=r
(λ− λ0)n−1(λ− A)−1 dλ
for n = 0, 1, 2, . . . Then B1S = EAS = 0 and Bn+1 = (A− λ0)nEA = 0 for n =
1, 2, . . . Hence
1
2i
∫
|λ−λ0|=r
λ−1(λ− A)−1 dλ S
= (λ−10 B1 − λ−20 B2 + λ−30 B3 − · · ·)S = 0.
Thus
E =
( 1
2i
∫
|λ−λ0|=r (λ− A)−1 dλ 12i
∫
|λ−λ0|=r λ
−1(λ− A)−1S dλ
0 12i
∫
|λ−λ0|=r λ
−1 dλ
)
=
(
EA 0
0 0
)
.
This implies that E is self-adjoint and
EH= EA[TH] ⊕ {0}
= ker(A− λ0)⊕ {0}
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= ker(A− λ0)∗ ⊕ {0}.
Let x ∈ EH. Then x = (x10 ), where x1 ∈ ker(A− λ0). Hence
(T − λ0)x =
(
A− λ0 S
0 −λ0
)(
x1
0
)
=
(
(A− λ0)x1
0
)
= 0.
Hence EH = ker(T − λ0).
We prove ker(T − λ0) = ker(T − λ0)∗. Since ker(T − λ0) ⊂ ker(T − λ0)∗ by
Lemma 4, we have to prove ker(T − λ0)∗ ⊂ ker(T − λ0). Let
x =
(
x1
x2
)
∈ ker(T − λ0)∗.
Then
0 = (T − λ0)∗x =
(
(A− λ0)∗ 0
S∗ −λ0
)(
x1
x2
)
=
(
(A− λ0)∗x1
S∗x1 − λ0x2
)
.
Hence x1 ∈ ker(A− λ0)∗ = ker(A− λ0), and S∗x1 = 0 by the similar argument in
Lemma 4. Hence x2 = 0. Thus
x =
(
x1
0
)
∈ ker(A− λ0)⊕ {0} = EH = ker(T − λ0). 
Example 6. We show an example of quasihyponormal operator T ∈ B(H) such
that 0 is an isolated point of σ(T ) and EH = ker T ⊂ ker T ∗.
Let U be a unilateral shift on l2. Let A = 2 + U and
T =
(
A S
0 0
)
on H = l2 ⊕ l2, where S = (A∗A− AA∗)1/2. Then T is quasihyponormal and
ker T =
{(−(2 + U)−1Sy
y
)∣∣∣∣ y ∈ l2
}
, ker T ∗ = {0} ⊕ l2.
The Riesz idempotent E for 0 is(
0 X
0 1
)
,
where
X


x1
x2
x3
...

 =


− 12x1(− 12)2x1(− 12)3x1
...

 .
Hence EH = ker T ⊂ ker T ∗ and E is not self-adjoint.
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